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Abstract. We discuss here the Lagrangian formulation of a group theoretical quantisation
procedure where the rest mass of a scalar relativistic particle is introduced by putting a
restriction (the mass shell condition) on the manifold of a group, G, defining a larger
symmetry. This group is obtained through one of the possible contractions of the conformal
group and, because of its non-trivial cohomology, G, s allows for a central quantum U(1)-
extension. Besides illustrating the appearance of the mass term in the relativistic Lagrangian
as a consequence of reducing the symmetry, we obtain the Klein-Gordon ‘probability’
current as the one associated to a relativistic central symmetry.

1. Introduction and results

It is well known that the problem of quantisingt a relativistic particle in a geometric
way presents some specific difficulties which are absent for its Galilean counterpart.
These difficulties ultimately have their root in the relative nature of time in special
relativity. Indeed, it is a special feature of the different 10-parameter kinematical
groups [1, 2] that they fall into two different classes, of relative and absolute time.
Those of relative time, like the Poincaré group %, have a trivial second cohomology
group, while those of absolute time, like the Galilei group G, have a non-trivial
cohomology H(G, U(1))=R™ [1]. Thus, the Galilei group can be centrally extended
by U(1) [3-5] giving as a result an 11-parameter ‘quantum group’ G,,,, which incorpor-
ates a commutator of the form

{translation, boosts] = m x (central U(1) generator). (1.1)

In its quantum version, (1.1) reads [p, x']=—ih8/I and allows for a complete and
well defined geometric quantisation process on the group manifold of f}(,,,) [6]. In
contrast, no such extension exists for 2 [7], (1.1) is not included in its Lie algebra
(and hence the difficulties of a relativistic position operator [8, 91), and the geometric
quantisation of ? cannot be directly performed.

Associated with the above cohomological difference between the Poincaré and the
Galilei groups are the peculiarities of the ‘non-relativistic’ limit. While the well known
contraction process [10]—in the form of the ¢ o limit—brings ? to G, this limit
cannot be directly performed on the Klein-Gordon equation to obtain the Schrodinger

+ By quantisation we obviously mean here first quantisation, i.e. the derivation of the associated relativistic
wave equation and the expression of the basic quantum operators acting on the wavefunctions.
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equation without previously subtracting the rest energy, which otherwise would go to
infinity. Finally, the apparent contradiction which presents the existence of a
necessarily trivial (direct product) extension of # by U(1) which contracts to a central
extension G(m) of G is only solved after realising that the ‘non-relativistic’ limit may
generate cohomology [11, 12].

The above features of the relativistic geometry show that, to perform a geometric
quantisation of the relativistic case in a way similar to the Galilean one [6], one has
to resort to a group larger than P71 which does not preserve p*p, = (mc)?; the mass
shell condition corresponds to an orbit of & on this larger group. This program has
been recently performed [13] by taking as the starting point the 15-parameter group
G,s which is derived by contraction from the conformal group. As we shall discuss
in § 2, this group can be extended by U(1) and accordingly leads to a generalisation
of (1.1) in terms of a 4-component off-shell ‘position’ operator.

In this paper we shall restrict ourselves to analyse some aspects of the quantisation
process from the Lagrangian point of view. In this approach the relativistic wavefunc-
tion ¢ is a solution of an equation invariant under a ray [3] representation of the
above group G,s, a group which acts on an absolute time 7 besides acting on the
ordinary Minkowski coordinates x*. It will be shown that the representation of G
is projective because the true invariance group is a U(1)-central extension of this group,
G, which exists because of the non-trivial cohomology of G,5s. The Lagrangian density
leading to the aforementioned equation, which originally does not contain a mass
term, acquires a term of the form ¢*¢ when the mass shell condition is imposed; this
also reduces the symmetry group from G,s; down to 2.

This paper is organised as follows. In § 2, and in a vector-bundle framework, we
describe the Lagrangian formalism invariant under a central extension of G,s, and
derive the expression of the sixteen conserved Noether charges associated with the
Gy symmetry after giving the group law of that extension and its action on the
‘pre-Klein-Gordon’ bundle. Section 3 is devoted to describing the dynamics on the
group manifold of G, including some brief comments on a group quantisation
formalism [6, 13]. After discussing how the partial breaking of the symmetry implied
by the restriction to an orbit in G,s introduces the mass shell condition, we finally
consider in § 4 the introduction of this constraint into the Lagrangian formalism and
the attainment of the familiar Klein-Gordon (kG) symmetries. In this way, a mass
term appears in the Lagrangian density and the KG probability current is directly
obtained, and the former absolute time parameter becomes the proper time of the free
particle.

2. Off-shell Klein-Gordon Lagrangian formalism

Our task here is to find an invariant Lagrangian under the projective representations
of a group G,;s (or under the representations of its quantum extension by U(1), Gie)
whose structure is compatible with the quantum interpretation of the Poisson brackets
of its associated conserved magnitudes (see [14] for the case of the Galilei group) and
which, of course, leads to an equation of motion generalising the kG one. The only
requirement which is needed to have this group acting on Minkowski space . is to
enlarge # (=~R*) to R’ by means of an additional coordinate = which, when the

T We shall not consider here graded Lie groups; see in this respect [19] and references therein.
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reconstruction to the physical situation is made, will become the proper time of the
free particle.

An essential feature of the group G;s [13] is thus its non-trivial cohomological
structure; the wave equation of the system associated with Gy is invariant only if one
allows for projective representations. This situation, which is also encountered in the
Galilei case, has to be considered as inherent to these quantum systems and not as an
anomaly. In fact, the phases which appear in the transformation of the wavefunctions
are incorporated into a new family of transformations by extending the group by U(1)
by means of a non-trivial system of exponents [3] £ characterising the extended or
quantum group G, which is the true underlying symmetry group of the quantum theory.
In this way, the group law of G is obtained by adding the composition law of the
U(1) part, parametrised by @ (or by { =e¢'%),

(g",0")=(g',0)*(g,0)=(g'*g 0'+0+£(g,8)),
g.E (g9 0) € é16’

to the group law g" =g’ * g of Gy;.
Characterising the elements of G,s by g=(b, A*, u”, A) where beR, A*cR*,
u* eR*, AeSO(3,1), its action on Minkowski space .# extended by 7 is given by

x™* = A" xV+utr+ A*

(2.1

(2.2)
T=r+b
The multiplicative action of {=e¢'® € U(1) on the complex numbers allows us now to
obtain a projective representation of G, or a linear representation of G4 on the cross
sections ¢ of the trivial vector bundle E =R’ xC 5 R’ = # XR (the pre-Klein-Gordon
bundle) by means of the expression

[U(b, A%, u”, A, 8)y1(x', 7')
=exp[—iM Guru,r+u, A", x"— 8/ M)y(x, )], (2.3)

where M is a parameter with dimensions of mass ((u]= LT, [7]= T) which charac-

terises the central extension Gis. Two consecutive transformations reveal the group
law of Gyg:

b'=b'+b
A™ = A%+ A, AT+ ub
A"=NA (2.4)

u™ =ut+ A" U
0"=6'+6+¢(g, 8)

where the non-trivial local exponent £(g’, g) or 2-cocycle is given by
£(g,8)=-MQGu,u"b+u A" A"). (2.5)

Although (2.5) is uniquely determined by (2.3), different exponents differing in a trivial
one {.,=58(g *g)—58(g')—38(g) (i.e. in a coboundary; 8 is a real function on G)
define the same extension and equivalent projective representations.

The infinitesimal generators of the action of G,¢ on the bundle E 5 # xR para-
metrised by the coordinates (7, x*, s, ¢*) where ¢, ¢* are the coordinates of C, is
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obtained easily from (2.2) and (2.3) with the result

X(b) = 6/81’
Xar)=0/ox"
X oy = 855x, 8/ax” (2.6)

Xiury =1 8/3x* — Mx,, (i /a0 — 1™ 3/9y™)

Xoy=1 8/ay —iy™* a/au™.
Among these generators there are 4+ 4 vector fields )Z'(uu), )2( 4°y whose commutator is
g,.. times the central generator and which possess the adequate Lorentz transformation
properties as to give, through their associated Noether conserved charges, ‘position’
coordinates and conjugate momenta. The full set of commutators is the following

[ X5y, Xiam]=0 [(Xiary, Xa]=0

[)2<b), X(]“)]:O [X(A“), ;fu”")]= 55»';8“5)2(/&”)

[X(b), X(u“>]=)2m”) [X(A“), X(u”)]z_gwa(e) (2.7)
[ Xy, Xwry)= =855 8oe Xy [ Xy Xur]=0

[X(e), any )?] =0.

It should be noted that by putting M = 0 above one recovers the group law of G;s®@U(1).
It is however (2.7) which permits_an isomorphism among the Lie and the Poisson
brackets; the fact that the [X(Au), X(u y] cannot be made zero in G16 is a consequence
of its being a true central extension of G,;.

We wish to find now a Lagrangian density invariant under the action of G,s. We
consider Lagrangian densities depending on the fields and their first derivatives. In
the above vector bundie framework, fields are given by cross sections ¢ e ['(E}; fields
and derivatives of fields are incorporated by taking cross sections of the bundle J'(E)
of the 1-jets of E, on which the condition of being 1-jet cross sections is imposed?;
Lagrangians are given as functions £: J'(E) >R, L(7, x*, ¥, ¥, ¥, ¥*, ¥, ¥*). To
decide whether such a Lagrangian is invariant under Gy it is necessary to lift the
action (2.6) on E to an action_on JY(E). This is uniquely done [15] by imposing on
the ‘prolonged’ vector fields X! the conditions of being projectable onto the vector
fields X on E of (2.6) and of preserving the 1-jet prolongation cross sections, i.e. of
preserving the structure 1-forms

6 =dy -y, dx* -y, dr
0% = dy* — ¥ dx* —y¥ dr

which define when a cross section ¢'=(y, ¥, ¥, ¥*, %, ¢¥) e T(J'(E)) is a 1-jet
prolongation of ¢ € I'(E) by means of the conditions 6],, =0, *|,, =0 (which clearly
imply ¢, =3,4¢, ¥, =094 etc). Thus, by imposing to the general vector field

X'=X+[X,, 8/3y,+X,, /3y, +cc] (2.9)

the conditions

(2.8)

Lyio=8, L;16% = g* (2.10)

+ A description of the variational principles on jet-bundles is given in [15, 16]. We use the same notation here.
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where L means Lie derivative, we may determine [15]the unknown X, , X, components
in (2.9) in terms of those of X. The resulting 1-jet prolongated vector fields X' are
given by

X(‘b)=)~f(,,) X('A“)‘"‘ X(A“)
/{'(IJ“”) = X‘.'(J‘“')+ 8. 8/0u° + 8 0¥ o/ay
X"}u“) = X~'(u“) - ('/J,L +iqul//r) a/adjr - lM(g/,ullIl + xud’v) a/ad’v (2'1 1)

— (¢, —iMx,¥¥)yo/oy¥ +iM (g, ¥ +x,4%) 6/0yF
Xloy = Xo+i(0, /a0, — 0 8/3y*) +i(y, 8/3¢, — o* o/0d}).

Since G, has trivial cohomology, we may now look for a strictly invariant
Lagrangian. The simplest solution for

Li#=0 VX'in (2.11) (2.12)
is provided by

L=MTYLYH Y - Y TY). (2.13)
The ordinary Hamilton principle on J'( E) gives for (2.13) the Euler- Lagrange equation

i, —5M74, 8*¢y=0 (2.14)

similar to a Schrodinger equation in five dimensions.

The expression for the conserved currents associated with the different transforma-
tions of G, is obtained from that of the general Noether current. Putting x* = (7, x*),
w=0,1, 2,3, this is given by [15]

Jta= (Xt —¥eXl) 8£/dya+ e+ EXE, (2.15)

a=b A", J"*, u*, 6; see (2.6). (Note that the 1-jet prolongations X! are necessary
only to check the invariance of £ and that thelr additional components X, , X, do
not appear in the Noether currents.) Because 3,j” =0, the 7 component of the currents
is the density which gives rise to the = conserved charges. These densities are

Jiy =MWyt =X
Jlan =%i¢’*‘//u +HC=P,

. L % s _ (2.16)
Juey =208 L x Y, tHC= £,
Jlm =IMY*x, 9 —did* rg, +HC= X,
Finally, the full current associated to the phase transformation is
Jlo=(=*d, —EM TN (g*g" = g*y)) = ~(p, j*). (2.17)

Although we shall have to wait for the addition of the mass/shell condition to
interpret physically the charge densities of (2.16), it is worth noticing here that, formally,
# plays the role of the covariant Hamiltonian, ?, that of four-momentum density
(P, being associated with the customary Hamiltonian), #,, that of a generalised
angular momentum and %, that of the true position (‘centre-of-mass’) density.
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3. Group manifold dynamics and the mass shell condition

Before we impose a constraint on the Lagrangian theory of § 2 aiming to put the
solutions of (2.14) on the mass shell p“p, = M?c?, it is necessary to analyse the
meaning of this condition in a group framework since it involves more physical variables
than just those appearing in the Lagrangian (2.13). Moreover, we wish that all the
operations carried out on the above Lagrangian formalism be directly associated with
the invariance group in the same sense that, for example, one would not admit other
basic (i.e. canonical) observables than those associated with the Noether invariants of
the GI(, symmetries.

From the G4 group law g"= g’ * ¢ (equations (2.4) and (2.5)) two sets of invariant
vector fields, left and right, may be derived by computing 6§"/3§s-. and 9§"/0§'|z-.
respectively. We explicitly give here the right-invariant ones

X®,=0/ab XRw)=0/0A*
)2'}301) =31+ a?) V[(1+2a%)8 - a;a’]8/6a’

+3(1+a?) V(1= ) P nlu — nlanlaela" 9/ 0¢’

+A%3/3A'+ A1 9/3A°+ua/ou' +u' 9/9u° (3.1)
XRmasy=3(1— )28+ nTe"]6/9e" + nhula” 3/0a™ + A" 3/9A™ + u" 3/ou™)
XRuy=0/3ut +b3/dA* + MA,E XR. =ifa/al=E.

In (3.1) the Lorentz group is parametrised by (&, a), where £ corresponds to a rotation
of angle ¢ =2sin"" || around the axis €, and a characterises a boost such that, with
x =tanh™'v/c|, x =2sinh7Y|a|.

The generators of (3.1) were utilised {13] in the group manifold quantisation
formalism [6, 13] to define quantum operators acting on wavefunctions, which in turn
were defined from U(1)-equivariant (i.e. Z - ¢ =iy, E - ¢* = —iy*) functions on Gie.
Accordingly, these operators should agree with the physical generators (2.6) which act
on the pre-Klein-Gordon bundle (7, x*, ¢, ¢*). Indeed, eliminating (u*, €, &), changing
M by —M+T and identifying (b, A, ¢, {*) with (7, x*, ¢, ¢*) respectively we obtain
(2.6) from (3.1). This process of removing some variables is in practice rather involved
although a standard one in geometric quantisation schemes, where it corresponds to
defining a polarisation [17]. In our specific situation, it consists in polarising the
U(1)-function on G,¢ by the set of conditions

X5, ¢=0, Xbw, - =0, XLoy=0, XL oy=0 (3.2)
(associated with the polarisation subalgebra [6] (X}, X tawy, X&), Xt,))) which imply
that ¢ = ¢ (b, A*, u”, €, @) is actually of the form

¢ = exp(—iMA*u,) expGiMu’u,b) o (u’, u) (3.3)

then a Fourier transformation of the ‘momentum’ space wavefunction ¢(u°, u) gives

 The expression of the quantum operators associated with group transformations are derived by comparing
Y(x) with the infinitesimally transformed '(x) (this variation is given by the Lie derivative Ly ). Thus, to
compute the vector fields (2.6) we have to consider the transformation law in the form y'(x, 7)=
expié(g, g '(x, 7)) - (g '(x, 7)) rather than in the form (2.3), i.e. ¢¥'(g(x, 7)) =expi&(g; (x, 7)) - ¥(x, 7).
This leads to the above rule (note that the £ on the bundle E, (2.3), is simply obtained from that on the
group, (2.5), by substituting x, 7 for A*, b in the unprimed argument g and by adding the term in 8).
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the ‘stationary’ wavefunction associated with (2.14) on which the generators of (2.6)
other than X3, act. This vector field,

XY, =8/3b+u* 3/3A* +IMuu,E, (3.4)

generates in fact the Euler-Lagrange equation (2.14) after identifying b with 7, A*
with x* and Mu, ¢ (which involves the ‘momentum’ Mu, ) with iy,,.. This last identifica-
tion is suggested by the Noether charge density j{a») (equation (2.16)) and the action
of the quantum operator [13] P —xX(Au) on (3.3).

Finally, we now put the theory on the mass shell. On our group formalism this
means putting the following restriction of the unprimed factor of the group law
g"ll= g'l * g"

u=c(1+2a*)=p"/M

=u*u —_-c2 (35)
u=2c(1+a?)?a=p/M .

where p* is the momentum acquired by a particle of rest energy Mc? boosted by a.
This restriction, since it must transform the group law into a group action m”
g'm(m’, m eG,6|u .,/ m), Makes sense only for the elements g’ which preserve the
orbit G16|,, »y, =c* and, accordingly, for the right (action) vector fields [13] which operate
on the wavefunctions now restricted to

¥ =exp(—iA*p,) expGiMc*b)e(p°, p). (3.6)

The left vector field )?f‘,,) (3.4) which gives the equation of motion is also well behaved
in the restriction process and leads to the familiar kG equation. It also now says how
b is related to the other group parameters: b turns out to be the proper time of the
particle. This is obtained by deriving the classical trajectory by integration of the
evolution vector field X{;,; indeed dA*/db = u* implies, after using (3.5), dA*/db=
p*/ M.

4. From the extended Minkowski space to Minkowski space: Lagrangian dynamics on
the mass shell

As discussed in the previous section, the mass shell condition on the manifold of Glﬁ
is a constraint affecting several group parameters (u* ~ p*) which do not appear
directly in the Lagrangian formalism. (It is true, nevertheless, that Mu” may be
understood as the eigenvalue of the operator P(“) —1X(A~) (equation (3.1)) acting on
the manifold of solutions (3.6) or of (2.14) where the mass shell condition—which
identifies Mu* with p*—has been imposed.)

It was also shown in § 3 that the vector field X5 » was the generator of the evolution
leading to the (Euler-Lagrange) wave equation. X3, admits the restriction to the mass
shell and—by means of the identifications after (3.4)—its expression on the space
J'(E) of definition of Lagrangian is given by

3/3t+p*M ™' 8/ax* +3iMC’E. (4.1)

Now, let us define the variational principle for cross sections T'(E) which are both
1-jet (¢, =3,¢) and have null derivative under the action of (4.1). This means that
in the Lagrangian density we may put

¢, =—p*M 'y, —HMc*y. (4.2)
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This gives

Fro=—2MZ| .. = vEy* - MYy (4.3)
sheil
which is the familiar kG Lagrangian density on J'(E) where now the kG bundle E is
parametrised by (x*, ¢, ¢*) [16].

In the same way, 12 out of the 16 current densities of (2.16), (2.17), pass to the
restriction defining the (Poincaré) ® U(1) symmetry plus j{,,. These clearly correspond
to the 12 right-invariant vector fields of (2.11) which are well defined (act on the orbit
u*u, = ¢’) under the restriction. All these currents are associated with the standard
Poincaré currents for the Poincaré group

P =y*phy FH =g (xp” = x"pH )y (4.4)

plus j{.,, whose charge defines the evolution associated with the ‘invariant’ Hamiltonian
¥ ~ ¢yky*, and the one associated with U(1) (equation (2.17)) which, because after
imposing (4.2) we have 4, (¢*¥) =0, leads to the familiar Klein-Gordon continuity
equation

9,* =0 Ju=21MT Yy, - vky). (4.5)

We see thus how the ordinary conservation of the (non-positive definite) space integral
of the Klein-Gordon ‘probability’ density j, is associated with the aforementioned
U(1) factor. A similar analysis may be performed in the Galilean case [18] where the
U(1) factor is the centre of the quantum group G(m).
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